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A. PINH NGHIA BAT PANG THUC THUAN NHAT

+) Ham s f (a,b,c) xac dinh trén mién D duoc goi 12 ham s thuan nhat k néu véi
moi sb thuc t =0 ta déu co f (ta,tb,tc) —tkf (a,b,c). (Pinh nghia twong tw doi véi ham sé
c6 chiza nhiéu bién).

+) Bét dang thirc ¢6 dang f(a,b,c)>0 trong d6 f(a,b,c) l1a mot ham sb thuan nhat
dugc goi la bt dang thire thuan nhat. Khi d6 céc bat dang thae f(a,b,c)>0, f(a,b,c)<0
va f (a, b,C) < 0 ciing duoc goi la bat déng thtrc thuan nhat.

+) Bét dang thirc phan thirc dong bac dang phan thirc 1a mot truong hop riéng cia bat

dang thirc thuan nhat.

B. MQT SO KIEN THUC THUONG SU DUNG
1. Céc bit dang thirc co ban thuong sir dung

1.1. Bdt ding thirc Cauchy hay AG-MG

Cho a,b>0,taco anrbz\/%.

1.2. Bt ding thirc Bunhiakovsky hay BCS

Cho a,b,x,y e R, taco (ax+by)’ < (a2 erz)(x2 + yz).
1.3. CAc bdt ding thirc hé qud thwong ding

1.31.Cho a,beR, taco a®+b? > 2ab.

1.32.Cho a,beR, taco (a+b)’ > 4ab.

133.Cho abe R, taco 2(a”+b?)>(a-+b)’.

3
a+b
1.3.4.Cho a,b >0, taco a3+b32%2a2b+ab2.

1.3.5. Cho a,b>0, taco l-i-lzi

a b a+b



1.36.Choa,b>0va x,yeR, tacod

(x+y)2
a+b

2 2
X_+y_2
b

a

(BDPT Cauchy - Swarchz).

(a+b+c)2

1.3.7.Cho a,b,ce R, taco aZ+b%+c?> >ab+bc+ca.

1.3.8.Cho a,b,ce R, taco (ab+bc+ca)2 >3abc(a+b+c).

1.39.Cho a,b,ce R, taco (ab)’ +(bc)* +(ca)’ = 3abc(a+b+c).

1.3.10. Cho a,b,c>0,tacél+1+12L.
a b ¢ a+b+c

1.3.11. Cho a,b,c>0 va x,y,z € R, ta c0:

2 2 2 2
X Z X+Vy+12
_+y_+_2u
a b ¢ a+b+c

1.3.12.Cho a,b>0 va ab>1,taco 1 + 1 2

> .
1+a 1+b 1++/ab
N 1 < 2
1+a 1+b 1++ab’

(BPT Cauchy - Swarchz).

1.3.13.Cho a,b>0 va ab<1 ,taco

2. Cé4ch tim gia tri 16n nhét, gia tri nhé nhit cia mét ham sé nhiéu bién bang
phwong phap ham )
Tim gia tri 16n nhat, gia tri nho nhat cia mot ham s6 nhidu bién bang phuong phap
ham sd, thong thuong ta thyc hién cac bude nhu sau:
e S dung bién ddi dai sd, bién doi cac sd hang chira trong biéu thirc vé
cling mot dai lugng gidng nhau.
e Bién do6i ham nhiéu bién thanh thanh ham mot bién, gia st 1a bién t
bang cach dit t bang dai luong dugc bién doi & trén.
e Gidihant,giastteD.
e Khao satham s6 f (t) theo bién t trén tap D. Tir d6 ta tim duoc gid tri

|6n nhat, gia tri nho nhat ciaham s f (t) véiteD.



Cha y: Trong truong hop khong thé xdy dung truc tiép ham sb f (t) voi te D, taco
thé str dung cac bat dang thirc co ban dé danh gia biéu thirc dang can tim gié tri 16n nhat hoic
nho nhat (gia sir biéu thire d6 1a P) vé dang:

e P2xf(t)véiteD ddiveibaitoan tim gia tri nho nhét.

e P<f(t)VvéiteD ddivéibaitoan tim gia tri 16n nhat.

C. CAC PHUONG PHAP CHUNG MINH BAT PANG THUC PONG BAC
DANG PHAN THUC

Phuong phép 1. Sir dung cac bién doi dai sé co'ban 1am giam s bién ciia bai toan.

Phuong phap 2. Sir dung cac bit ding thic co ban danh gia dé 1am giam sb bién

cua bai toan.

Phuong phap 3. Sir dung phwong phip tiép tuyén.

Phuong phép 4. Sir dung phwong phap dao ham theo tirng bién.

Phuong phap 5. Sir dung ham sé dic trung.

Phuong phap 6. Chuin héa bat ding thirc.

Phuong phap 7. Phwong phap don bién.




Phuong phap 1. Sir dung cac bién doi dai s6 co bin Iam giam sb bién ciia bai toan

Bai 1. Cho a, b, ¢ 1a c4c sb thuc dwong théa man a® +b? +¢? +ab—2bc—2ca=0. Tim gia
tri 16n nhét cua biéu thuc:

(a+b—c)(a+b+c)+2c(a+b).

A:
c(a+b+2c)

Nhan xét: Biéu thic A 12 biéu thuc ¢ dang phan thirc, ¢ bac ¢ tir va mau cung l1a bac 2. Coi
biéu thirc A 1a mot ham sb c6 chtra 3 bién, ta c6 thé sir dung cac bién doi dai s6 co ban (chia
woae x X , .2 , 2 . s, |R=XC 2 sk As Loa X a7 i A~ A~
ca tor va mau cua biéu thirc A cho ¢ hoac dat b ) d¢ bién d6i ham so6 do6 thanh mot mot

ham sd ma&i ¢é chira hai bién.

Loi gidi
2
Gia thiét d4 cho bién d6i thanh (a+b—c)2 —ab < [§+9—1j _ab,
c c cc
bat x=3;y=E i a,b,c>0= x,y>0.Gia thiét trs thanh: xy=(x+y—1)2.
c c

(x+ y)2
4

2
Ap dung bdt: xys@:(x+y—l)2£ <:>§£x+y£2.

Bién dbi biéu thirc da cho:

2
2 2 (aer) +2(a+bj—1 2
A:(a+b) +2c(a+b)-c _lc ¢ c c :(x+y) +2(x+y)—1.

c(a+b+2c) a b, (x+y)+2
cC C
2 —
bat t=x+y:>§sts2,khidéAtr6thénh: Az%.
+

2 f—
Xet ham s  (t) = =2 yran [ 2.2,
t+2 3
1

Taco f'(t)=1+
(1) (t+2)

>0, Vte E;Z} suyra f(t) dong bién trén EZ}

Dods f(t)<f(2), Vte[%;Z}:AS%,Vte[%;Z]



X+y=2

Vay MaxA=Z datdu’qckhi{ &S x=y=1.
4 X=Y

a2
Bai 2. Cho ba s thuc duong d6i mot khac nhau a,b, ¢ théa man {:b +be=2c . Tim gia tri
asc

I6n nhat cua biéu thuc:

a b_, ¢ - (Dé thi KSCL HK 1 Nam Dinh 2015-2016).

P= +
2a-2b b-c c-

Loi gidi
Tir gia thiét ¢ >0, do d6 ta co

a b
c c 1

P= + + .
28 0 b, 2
c ¢ ¢ C

Dat x=3,y=9:> X,y >0 vi a,b,c>0. Do do
c c

p-_—* L Y . ! .
2x-2y y-1 1-x

ab b
——+—=2 Xy+y=2 )

Tugiathiét {¢ € hay 1 ,d6d0 y=—"—va0<x<=.
a_1 X< = X+1 3
c 3

Thay y = ﬁ vao P ta dugc

2
— 2
P X Lox+l 1 _ 2x + X N 3 .
2y — 4 2 _1 1-x 2x“+2x-4 1-X
Xx+1 x+1

2
Xétham s6 f(x)= ZX XL 3 trén (01}
2x°+2x—-4 1-x 3

v 2
8x—4 3 3X°+4x+8 >0,We(0;ﬂ = f(x) 12

Ta c6 f'(x)= 4(x-1)% (x+2)° +(x—l)2 4(x=1)* (x+2)

ham sb dong bién trén (0; ﬂ



NTE f@:fi X (Oﬂ

a2
Vay MaxP =& gia tri 16n nhét dat duoc khi 422 T2¢=2¢" & 9a—2h=3¢>0.
14 3a=cC
Nhén xét: O bai toan trén khi ta bién doi gia thiét ab+bc =2c? thanh EEJFE_ 2 khi d6
cc ¢

gilip ta phét hién ra cach bién doi biéu thirc P ¢ dang 12 ham s6 c6 chira 3 bién thanh ham sé
chira hai bién.
Bai 3. Cho cac s6 thuc duong a, b, ¢ théa mén (a+b+c)c=3ab. Tim gia tri 16n nhat cia

biéu thuc:

3ac e _ .2 (i iZJ (Dé thi HSG Thanh Héa 2014-2015).

= +
(a+c)b (b+c)a az b
Léi gidi
Vi a,b,c>0taco
a b
c 3¢ 11

[l B T

Pt x =2, y:9:> X,y >0 vi a,b,c > 0. Bién d6i biéu thirc P try thanh
c c
3x 3y 11
= + | =+
x+Dy  (y+)x @ y?
, a b ab
Ta co (a+b+c)c=3ab<:>E+E+1=3E.E<:>x+y+1=3xy.

Bién dbi biéu thirc P ta co

2
3X2(y+1)+3y2(x+1)_ x2+y? 3xy (x+ y)—[(x+ y) —zxy}

2,,2

P= 2.2
(Xy +x+y+1)xy X<y 4x°y

bat t =xy = x+y =3t -1. Khi d6 P tr¢ thanh

Ta lai ¢



(x+y)* > 4xy = (3t-1)° > 4t =t e[o;ﬂu[l;Jroo)_

Xét ham s6 f (t) =% trén [O;ﬂu[lﬁoo).

24_t§t v te[o;ﬂu[l;+oo):> F(t)>0 khi 0<t=2 va £ (1) <0 khi t=1.

Taco f'(t) =

Bang bién thién

t 0 %/1 +00
f(t) * 0/ -

i —9/1
el

Tur bang bién thién tasuyra f(t) < f(1)=1, Vte[o;ﬂu[lﬁoo) hay P <1.

Vay Max P =1 gi tri 16n nhét dat duoc khi khi a=b =c.

al+pd=¢°

Bai 4. Cho a, b, ¢ 1a c4c sb thuc duong thoa man diéu kién { . Tim gia tri nho

azcb#c
nhat cta biéu thic:

a?+b%-c?

(c-a)(c-b)

(0
EE

P=

Viab,c>0vaa#ch#cdodotaco P=

bat x=

oo
o|T

y=—,via, b, c>0=xy>0.

2 .2 2 _ _
Khi d6 bidu thite P tré thanh: p = X +Y- =1 _(X+¥)" - 2xy-1

(1-x)(1-y) —(x+y)+xy+1’

Tir gia thiét ta co



3 3
a3+b3=c3<:>[§j +(Ej =l x3+y3:1<:>(x+y)3—3xy(x+y):1.
c C
3 I
Datt:x+y:>xy:?,khldo

2
=221 $ao 3
P= ; = 14>
t° -1 t° -3t +3t-1 t-1
—t+—+1
t>1
Doxy>0=>4 3 _3=>1<t<¥4.
t“>4.——
3t
Xét f(t)=1+%trén (1;3’/2] Taco f'(t)=— 3 5 <0, Vte(l;g/ﬂ.

(t-1)

Suyra f (t) 1 ham s6 nghich bién trén (1,3/4 |, do do

()2 £(¥2)= 242 vic (19T hay P IA+2

a1 Ja-1
3
Vay MinP =%, gid tri nho nhét dat duoc khi a=b,c =32.

Bai 5. Cho ba s6 thuc duong X, y,z thoa man 1+1 = E Tim gi4 tri nho nhét cua biéu thirc:
X 7 Yy

_X+y 24y

_2x—y 22—y
Loi gidi
Tir gia thiét x,z >0, do d6 ta c6
1+Y 147
P=—X4 2
o Y o Y
X VA
pit a=L b=y =ab>0vixyz>0. Khido p=t?,1*h

X z 2-a 2-b

Mt khac thir gia thiét ta c6



b=2-a

" abe(0,2)

> |<
N <

=2<:>a+b=2:>{

Do d6

p_1+a +1+(2—a) 2a2—4a+6_

" 2-a 2-(2-a) 2a-a?

, 2a’ -4a+6
Xétham so f(a)=———— trén (0;2). Tacd
6 1(a)=" 7 wen (02)
f'(a)=12a—_122:>f'(a):0<:>a:1.
(2a—a2)
Bang bién thién
t 0 1 2
t(t) -0 +

f(t) +00 +00
\ 4 /

Tur bang bién thién suyra f(a)> f(1)=4, vae(0;2).

Vay MinP =4, gi4 tri nhé nhét dat dugc khi a=b=1hay x=y=1z.

Nhan xét: Diém mau chdt dé co thé giai bai toan trén 12 ta bién doi biéu thic P tro thanh

1+X 1+X 1 2 1 y y ~ 1 2
P=—2X 4+ Z vabién doi gia thiét thanh =+ = =2, Khi d6 ta dé dang bién doi duoc
o Y o Y X z
X z

biéu thirc P trg thanh ham c6 chira mot bién.
Bai 6. Cho a,b, ce R, a” +b?+c? #0 thoa man (a+b+c)’ =2(a?+b?+c?). Tim gid tr
I6n nhat va gia tri nho nhat cua biéu thuc:

3 3 3
S = a"+b”+c (Dé thi HSG Nghé An 2010).
(a+b+c)(ab+bc+ca)

Nhan xét: Diém méu chdt ta sir dung gia thiét bién doi ab +bc +ca thanh:
1
ab+bc+ca:%[(a+b+c)2 —a? —b2—c2J:Z(a+b+c)2.

Loi gidi



Tir gia thiét ta co:

ab+bc+ca:%[(a+b+c)2—a2—b2—c2J :>ab+bc+ca:%(a+b+c)2.

Do do
3 .3 .3
5_4(3. +b°+c )_i( 4a j3+( 4b j3+( Aac j3
(a+b+®3 16|\a+b+c a+b+c a+b+c
Dit: x = 4a Y= 4b . 4c
a+b+c a+b+c a+b+c
Ta co:

S =%(x3 +y3+ 23) :%[xe’ +(y+ 2)3 —3yz(y+ z)}
=S = i(3x3 —12x2 +12x+16).
16

X+y+z=4 y+z=4-x
Do: & 5 )
Xy+yz+zx=4 yz =X —4x+4

Vi (y+z)224yz nén OSXS%.

Xét ham s6: f (x) =3x® —12x% +12x+16 Véi x e [0?2] f (x) 12 ham s6 xac dinh va lién

tuc trén [0%} Ta co: f'(x)=9x2—24x+12:> f'(x)=0<=

2) 176 8) 176

Ta lai c6: f(0)=16; f (2)=16; f (§j=? f (gj:?

= Min f (x) =16; Max f(x)=@.

G

Vay MinS =1, gia tri nho nhat dat dugc khi a=0;b=c#0

Max S =19—1, gia tri 16n nhét dat dugc khi a =b;c =4a;a #0.

. N « 1 1 , s
Bai 7. Cho x,y,z lacac so thyc duong thoa mén 1 +— ==. Chung minh rang:
X y z

10



2,2
x+y+z>33

72 Xx+y 4
Lo gidi
Tir gid thiét taco 2 =22,
z z
Mat khéc ta cé 14-12 4 <:>12 4 <:>X+y24.
X Yy X4y 7 X+Yy z

Bién doi vé trai ciia bat dang thirc can chiing minh thanh:

x2+y2 z X+Yy 2 Z X+Yy
VT = + =[ J + -2 .

72 X+Y z X+Y z

Pat t=-"Y st >4 Khidé taco VT =t2+%—2t.
Z

Xét ham s6 f (1) —t? +%—2t trén [4;+00). Ta c6:

3 52 4 2(t—4)(t? +4t+15)+119
2t3 -2t 1=( )( ) >0, Vt>4.

f'(t)=

t2 t2
e S a ) , 33
Suyra f(t) la ham dong bien trén [4;+00) dodo f ()2 f(4)=7, vt > 4.
2
Vay [Xerj + z —2X+y24,véi moi X,y,z >0 thoaman 1+1=£.
z X+Yy z X y z
x>+y2 7z 33 . 11 1
Do d6 >+ >—, vgimoi X,y,z>0 thoaman —+—==.
z X+y 4 X y z

Pang thic xay ra khi x = y = 2z.
Bai 8. Cho cac s6 thuc duong a, b, ¢ thoa min ac>2b va (ac+b)(ab+c)—a2c2 = 4b?.

Tim gia tri 16n nhat caa biéu thirc:
2 2
P=[1+£j +(ac+b} .
ac ac—-b

2 2
Nhén xét: Biéu thic P = [1+£j + ( ac+ b} khong c6 dang dong bac, tuy nhién néu ta

b
o
[
o

ac

11



2 2
dit x = ac bidu thirc P tro thanh P = [X—”’j + [X—fj . khi d6 bidu thire P c6 dang déng
X X—

bac do d6 ta d& dang bién d6i duoc P vé ham co chira mot bién.
Lo gidi

Taco

2
(ac+b)(ab+c)-a’c? =4b® < [a+%J[a?b+1j= a2 +%

Cc
[ b)( cj ac b ac b ( c) (b 1)
Slat+t—||I+— |=—+4d—< —+4—=|a+— |+| —+—
c ab b ac b ac b cC a

ac b |, .
2[ FJF\/;J( ).
Datt=\/%(t2x/§),dodé

(*)<:>t2+ti222(t+%jc>(t—2)(t3—2)20c>tz2(v‘| t>/2) hay %24.

\%

Laico
2
b
2 | 1+— 2
P=(1+£j+ ac =(1+u)2+(1+—“j (dat u=").
ac 1P 1- ac
ac

Véi u=£:>0<u£1 viab,c>0 va£24.
ac 4 b

2
Xét ham sb f(u)=(1+u)2+G+—uj trén (0%}

—u

Taco f'(u)=2(1+ u)+M>O, Yu e[O;ﬂ = f(u) la ham s6 dong bién trén (O;ﬂ

(1-vy

= f(u)< f(ij:@ Yu G(O;E}.
4 144 4

ac =4b {a=2

Vay Max P = 525 , gia tri 16n nhat dat dugc khi = :
144 ab=c c=2b

12



Phuong phap 2. Sir dung cac bit ding thic co ban danh gia dé 1am giam sb bién

cua bai toan
Bai 9. Cho cac s6 thuc duong X, Y,z thay doi thoa man didu kién x+2y—z>0. Tim gié trj

nho nhit cua biéu thic:

X Y X225 i HSG Nam Dink 2013-2014).
10y+z x+y+z 2x+3y
Loi gidi
. X+Y+2<2X+3y
Taco Xx+2y-7220<z2<x+2y < .
10y+z<x+12y
Do dé6 ta co
_ X N y +x+2y2 X N y +x+2y
10y+z x+y+z 2x+3y x+12y 2x+3y 2x+3y
3 X X3
p>_ X X¥V _ ¥ Y .
X+12y 2x+3y X _ 4o 20X .3
y y
it t=X=t>0. Khidotaco P>—t—pt3
y t+12 2t+3
Xet ham s§ f (t)=——+ -2 tran (0;4e0).
t+12 2t+3
Taco
t=2 ;
' 12 3 ' 5 ) E(O,+OO)
f'(t)= 5= >= 1'(1)=0=(1+12)" =4(2t+3)" < 18 :
(t+12)> (2t+3) t=—7¢(0i+0)
Bang bién thién
t 0 2 +00
f'(t) - 0 +
1 3
6
7

13



Tur bang bién thién suyra f(t)> f(2) =g, Vt e (0;+00).

Hay Pzg . Dau bang xay ra khi x =2y,z =4y.

Vay MinP =g, gi tri nho nhét dat dugc khi x =2y,z =4y
Cach 2. (Loi gidi dwege trinh bay trong dép dn ciia dé thi HSG)

Coi P 1a ham caa z va x, y la tham s6 ta c6

. X y )
P'(z)=- - <0,Vze(0;x+2y].
( ) (1Oy+z)2 (x+y+z)2 ( ]

Suy ra P(z) nghich bién trén (0;x +2y].
X X3

=P2P(x+2y)= X +x+3y: y Yy
x+12y  2x+3y X _ 45 oX . 3

y y

t t+3
_l’_

t+12 2t+3

bit t=2 suyra P> Vai t e (0;+00).
y
t t+3

bat f(t)= +
t+12 2t+3

Vol te (OH—oo).

12 3 t=26(0;+oo)
Taco f'(t)= 5= >=f(t)=0= 18 :
(t+12)° (2t+3) t=—€€(0;+oo)

Bang bién thién

f(t) \ /

6
-

Tur bang bién thién suyra f(t)> f(2)=

~N|o

14



Vay Pzg . Dau bang xay ra khi x =2y,z =4y.
. . 6 ... . -
Vay MinP = - gia tri nho nhat dat dugc khi X =2y,z=4y.
Bai 10. Cho X, y, z la ba s thyc thudc doan [1;4] va x> y;x>z. Tim gia tri nh6 nhat cua

biéu thuc:

__ X Y (% (PéhiKhdiA-2011).
2X+3y y+z Z+X

Loi gidi

Trudc hét ta chirng minh bd dé:

1 2
>

Cho a, b >0 thoaman a.b>1. Khi dé ta co: ! + > (1)
1+a 1+b 1++/ab

That vay (1) < (Vab-1)(va-+b )2 >0 luon ding v6i moi @, b >0 théamén ab>1.

Vi X,y,2€[1;4] do do6 ta co

1 1 1 1 2
P= + - + Xz + )
2437 142 14X 243 4, X
X y z X \y

Dt tz\/z:te[l;z] Vi X, ye[L;4] va x>y. Do do ta c6
y

t2 2
> .
2t2+3 1+t

2
Xét ham sb f(t)= 2t; 3+% trén [1;2]. Ta co
+ +
2| t3(4t—-3)+3t(2t 1)+ 9
fr(t)= [ S b G LO,Vte[l;z].

(2t2 + 3)2 (1+ t)2
Do dé f(t) Iaham sb nghich bién trén [1;2]

S f(t)2 f(2)=§—:, vte[L2]

15



Vay MinP =%, gia tri nho nhét dat dugc khi x=4,y=12=2.

Bai 11. Cho c4c s thic a, b, ¢ >0 thoa mén iz = 32 +b32. Tim gié tri nho nhat cua biéu thirc:
C a
P= a + b + ¢ .
b+c a+c \/a2+b2+c2
Loi gidi
Vic>0 doddtacod
a b
P—bC +aC + L :
b1 2 \/(ajz (b)z
c c — | +|— +1
C C

g a
bat x=—
C

,y=9:> X,y >0 (vi a, b, ¢>0) khi d6 biéu thirc P trg thanh
C
X y 1

= + + .
y+1 x+1 /x2+y2+1

2 2
—2=—2+—2 ta thu du‘Q’C

P

Bién doi gia thiét

—:—+—<:>—:—+—c>—:—+ic>x2y2 =2(x2+y2).

Taco
x2y2=2(x2+y2)2(x+y)2:>xy2x+y
x2+y2+1=(x+y)2—2xy+1s(x+y)2—2(x+y)+1:(x+y—1)2 (1)
Talai c6
(x+y)224xy24(x+y):>x+y24 (2) (vi x,y>0)
Ter()va@tacd = Jx2+y?+1<x+y-1.
Bién doi biéu thirc P ta thu dugc

Pr2=—2 11+ Y 41 ! =(x+y+1)( L L j L

+ + +
y+1 X+1 \/x2+y2+1 x+1 y+1 \/x2+y2+1
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4 N 1
X+y+2 x+y-1

= P+2>(x+y+1)

=P>2- 4 + ! .
X+y+2 x+y-1
bat t=x+y=t>4. Dodo
P22——E—+¥L-
t+2 t-1
s X 4 1 .
Xét ham s6 f (t)=2—-——+—— trén [4;+x).
t+2 t-1
3t(t-4)

Taco f'(t)= >0, Vte[4;+0) va f'(t)=0<t=4(vi te[4;+0)) suy ra

(t-1)(t+2)°
f(t) laham s6 dong bién trén [4;+o0)

= f(t)> f(4)=§, Vt e[4;40) hay P> f(t)zg.

Vay MinP =%, gia tri nho nhat dat duoc khi a=b = 2c.

Bai 12. Cho a,b,c 1a cac s6 thyc duong. Chimg minh rang:

a 3 b 3 c 3 3
[_j +( J +( ) 25 (Dé thi IMO 2005).

a+b b+c c+a

Loi gidi

Tacod

3 3 3
(ij +1+1233(i) llzg a @[ a j +1>§i_
a+b 8 88 4a+b

3
Tuong tu ta co: [—J +

Suyra

o) (o) () o i ool
+ + +—2=— + + .
a+b b+c c+a 4 4\a+b b+c c+a

Do d6 dé chimg minh bat dang thirc d4 cho ta chi can chimg minh
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a b c
+ +
a+b b+c c+a

a {x,y,z>0

C, 2
b C xyz=1

\%

% (1) (v6i a,b,c>0).

bat x= (vi a,b,c>0).

b
—,y=
a

Do d6 bat dang thirc

(1)<:>1+1+12§.
1+x 1+y 1+z 2

Khong mét tinh tong quat gia str z <1=> xy >1.

Tacd

! + ! > 2 = 22 (vi xy>1)

1+x 1+y 1+\/x_y 144z

:>1+1+122\/E+1=2t+1véit:\/§.
1+x 1+y 1+z 144z 1+z 1+t 14t
. L X 2t R
Vi z<1=t<1, xéthamso f(t)=—+ 5 trén (0;1].
1+t 1+t

Taco f (t) 1a ham sé xé4c dinh va lién tuc trén (0;1] .

2 2t 2 2t 2(1-1)

TR T o G e ey

<0, Vte (0;1)

(Vi te(0;) =>1+2t+t% >1+2t% +t%).
Suyra f(t) la ham s6 nghich bién trén (0;1] do d6 f(t)> f (1) =§, vte(0;1].

Hay ! + ! + ! 2§véimoix,y,z>0vaxyz=1.
1+x 1+y 1+z 2

a 3 b 8 c 8 3
Véy[ J +( J J{ J >— v6imoi a,b,c > 0.
a+b b+c c+a 8

Bai 13. Cho céc s6 thuc duong a,b,c thay doi thoa man diéu kién a>b,a>c. Tim gié trj

I6n nhat cua biéu thuc:

a b c

P= + +
5(a+b+c) 5a—2c 5a-2b

18



Loi gidi

Vi a>0 dodd
b c
P= 1 +—a 48
b ¢ c b
5|11+ ~+—| 5-2—- 5-2—
a a a a
b
X=—
it a:>x,ye(0;1]v‘|a,b,c>0vaa2b,a2c.
c
y=—
a

Khi d6 biéu thuc P duge viét lai nhu sau:

1 X y
= + +
5(1+x+y) 5-2y 5-2x
:>2P—2=#+(2x+2y—5) ! - ! :
5(1+x+Y) 5-2x 5-2y
L 1 4 X .
Taco + > va 2x+2y-5<0, vx,y €(0;1].
5-2x 5-2y 10-2x-2y
Do dé
2P—2£—2 +(2x+2y—5)—4
5(1+x+Y) 10-2x -2y
hay

P< ! + > -1.
5(1+x+y) 5-x-y

bat t=x+y=1¢(0;2] vi x,y €(0;1]. Khi d6 ta co

pc_ 1 L ° 4
5(t+1) 5-t
s ; 1 5 R )
Xétham so f (t)= 5(1+t)+ﬁ_l trén (0;2].

2 L g2 2
Tac f,(t)=25(t+1)2 (t 52) _ 24t 2+60t >0, vte(0,2].
5(t+1)°(t-5) 5(t+1)°(t-5)
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Do d6 f (t) 1a ham s6 dong bién trén (0;2] = f (t)< f(2)= % vt e(0;2] hay P < % voi

moi a,b,c >0 thoa man diéu kién a>b,a>c.
. 11 ., .. .
Vay Max P =15’ gia tri 16n nhat dat dugc khi a=b =c.

Bai 14. Cho cac s thuc a,b,c e[1;2]. Tim gié tri nho nhét cta biéu thirc:

P a% +b® +2ab
c? +4(ab+bc+ca)

Nhan xét: O bai 14 cac bién ava b cd tinh chat d6i ximg do dé ta sir dung danh gia co ban
4ab < (a+b)? khi d6 d& dang 1am giam sé bién ciia bai ton.
Loi gidi

Tacod

o_ (a+b)? . (a+b)? _
c?+4c(a+b)+4ab c?+4c(a+b)+(a+h)?

Do a,b,c €[1;2] nén a+b =0, nén chia tr va mau ctia M cho (a+ b)2 ta duoc:

1 1 L. c
2 =t2+4t+1 vort=
[Cj +4(CJ+1
a+b a+b

Ca+h’
. . Cc 1
Vi a,b,ce[L;2] va t=—:>te[—;1]
a+b 4

Xét ham s6 f (t) = ————— trén [1;1} .
t°+4t+1 4

—2(t+2)

Taco f/(t)=
(t2+4t+1)2

<0, Vte E;l} — f/(t) nghich bién trén [%;1}
1 1 1
=fM)>2f(1)==, Vte|—;1| hay P>=.
2 £0) =, vte| i1 hay P2

Vay MinP=%, gié tri nho nhét dat dugc khi a=b=1va c=2.
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Bai 15. Cho x,y,z labasd thuc thudc doan [1;2]. Tim gia tri nho nhat cia biéu thirc

2
P= (2X i y) (Pé thi chuyén Himg Vieong Gia Lai - 2015).
2(x+y+2) —2(x2+y2)—22

Nhan xét: Ta chi can bién d6i 2(x+y+ z)2 —2(x2 + yz)— 22 =22 +4(x+y)z+4xy khido
bai 15 c6 cach giai twong tu nhu bai 14.

Lo gidi
Bién d6i biéu thirc P tré thanh

p_ (x+ y)2 ~ (x+y)2
2(x+y+ 2)2—2(x2+y2)—z2 22 +4(x+y)z+axy

Taco 4xy <(x+ y)2 do d6

B
P> (x+y) _ z 2

224 a(x+y)z+(x+ y)2 1+4(x+y)+(x+y)2'
z 2z

2
Pat t=2+¥ Vi x,y,2 thuge doan [1;2] =t e[L,4], khido taco P>— .
Z 1 1+4t+t

2

Xéthamsd f(t)= trén [1;4].

1+ 4t +12
2
Tacs f'(t)=— "2 f(t)>0, vte[t4]
(1+4t+t2)

Suyra f(t) laham s6 dong bién trén [1;4] do do
1 1
= f(t)> f(l):E’ Vte[1;4] hay PZE’ v x,y,z€[L2].

Vay MinP=%, gid tri nho nhét dat dugc khi x=y=1va z=2.
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Bai 16. Cho céc sé khong 4m a,b,c thoa man ¢ >0 va a®+b’=c(c~1). Tim gia tri nho
nhét ciia biéu thirc:

P a% +b? +c?
(a+b+c)?
Nhan xét: O bai 16 tir gia thiét ta nhan thay cac bién ava b c6 tinh chat déi xtmg, do d6 dé

2
s iy a+b
giai bai toan ta st dung dénh gia co ban sau a? +b? > u

Loi gidi

Taco

2 2
(a;m 2 [azb)+2
P> = (vic>0).

(a+b+c)? 2[a+b 2

LR |
C

Véi hai sb thue X,y tuyy, taco

x2 —xy + y? =%(x+ y)ZJr%(x—y)2 2%(x+ y)2.

Tir gia thiét ¢ >0 va a° +b> = ¢(c 1) sir dung danh gia trén ta thu dugc

2 3 13 2 2 (a+b)’ (a+b)’ a+b
c“=c+a’+b =c+(a+b)(a —ab+b )20+ 2 > 2,/c. 2 =0< - <1.
2
Pt t=2 2 0<t<1(viab>0vac>0) Khido Pzt—+22.
C 2(t+1)
: )
Xét ham so f(t)=—2 trén [0;1], ta c6
2(t+1)
t-2
f'(t)= <0, vVt €(0;1].
=<0 telo]

Do d6 f(t) la ham s6 nghich bién trén [0;1]

:f@zf@:%vmmﬂ.
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FﬁyPz%,V&bsztmmHﬁnc>0vaa@Hﬁ=c@—Q.

a=b=1

Viay MinP =§, gia tri nho nhét dat duoc khi { )
C=

Bai 17. Cho X, y, z>0 thoaman x+ y+z >0. Tim gia tri nho nhat cia biéu thirc:

__x3+y3+1623

P 3
(x+y+2)
Loi gidi
Taco
« 3 3 , 3
P=( j +( y j +16( J.
X+Yy+z X+Yy+z2 X+Yy+12
Talai co
3 3 3
) ) i)
X+Yy+12 X+y+1z 4\ X+y+2 X+Yy+z
hay
3 3 3 3
) () 4] i)
X+Yy+12 X+y+12 4\ Xx+y+z 4 X+y+12
Vay
3 3
le(l— : j+16( ‘ )
4 X+y+12 X+y+12
- z ) s 1 3 3
bat t = :>te[0,1). Khi do PZ—(l—t) +16t~.
X+Yy+12 4

Xét ham s6 f (t) =%(1—t)3 +16t° trén [0;1).

t=le[0;1)
f(t)=0e| 9 .
tz—%e[aﬂ

189t + 6t —3
==

Taco f'(t) 2

Bang bién thién
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1
9
0

f'(t) -

1 16
f 4

81

+

Tur bang bién thién suyra f (t)> f 1110 e[0)=>P>f (t)zE.
9) 81 81
o 16 ., .. . 2 :
Vay MinP =a, gia tri nho nhat dat dugc khi x =y =4z.
Bai 18. Cho ba s thirc duong X, Y,z théaman 0 < X < y < z. Tim gia tri nho nhét ctia biéu thirc:
3

4 3 3
P== - N2 Y > 2 +215X (Pé thi thir THTT s6 453 )
Y(X2+y) z(xz+y) Xz

Loi gidi
Tacod

a,b,c>0
c=L=labc=1 ,khidé P tro thanh
X
c>1

bat a=—;b=

N <

X
y

8.3 b3 o 15 8.3+b3 o 15
—= +Cco+—
a+b a+b c a+b c

ab(a
2—( +b)+c2+E=1+c2+E=c2+E.
a+b C ¢ c c

Xétham sé f(c)= c? +% trén (1;+o0).

Tacé f'(c)=2c—¥:> f'(c)=0=c=2.
c
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Bang bién thién

17 +00

f(c) T~

Tur bang bién thién suyra f(c)> f(2) =12, Vc e (L+wx).
1

. a=b
Vay MinP =12 gi4 tri nho nhat dat duoc khi 2 hay z=+/2y = 2x.

c=2

Bai 19. Cho a,b,c la céc sé thuc duong thoa mdn va—c ++/b—-c = '/a_b_ Tim gia tri nho
C

nhat cta biéu thirc:

a b c c?
+

P= + +t——>.
b+c c+a a+b a‘+b

Lai giai
bat a=xc,b=yc(x,y=1).
Thay x =1 vao gia thiét ta co: v/b—c =vb = ¢ =0 ( khdng thoa man gia thiét)
Tuong tu y =1 ciing khong thoa man .

= x >1,y >1 thay vao gia thiét ta co:

Ix=1+y-1=xy & x+y-2+2(x-1)(y-1) = xy
& xy—x—y+1—2,/(x—1)(y—1)+1=0<:>(,/(x—1)(y—1)—1)2 =0

(x-1)(y-1) =l xy=x+y>2xy = xy > 4.
Mat khac
2 2
X y N 1 N 1 X N y 1 1

P= + 5 = + + 5
y+1 Xx+1 X4y x“+y° Xy+X Xy+y X+y (x+y) — 2xy

2
(x+y) . 1 .\ 1

=>P2 5
2Xy+X+Yy X+Yy (x+y) —2xy
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hay

3 2
Pzﬁ+i+ : 21 :(xy) —2(x;/) +3xy—3.
3 Xy X7y -2xy 3[(xy) —2xy}
3 52
Pat t=xy,t>4, khidé taco P> _2; -3
tc -2t
e -2t +3t-3 ., ..
Xétham so f (t)= > trén [4;+0).
t°—2t
4 43 2 3¢ 2 B
Tach f'(t):t —4t° +t +26t—6=t (t—4)+t +6(2t 4)+18>0’ V>4,
(tZ—Zt) (t2—2t)
N A A A A . 41
Suyrahamso f(t) dong bién trén [4;+0) = Min f (t) = f(4)=§'
[4;+oo)

Vay Miangkhi X=y=2 haya=b=2c.

Bai 20. Cho a,b,c la cic s6 thyc duong thoa min:a > b > ¢ . Tim gia tri nho nhét ciia biéu thire:

(a2 +cz)\/ab+bc+ca

T:
ac(a+b+c)

Loi gidi

bat a=xb,c=yb=0<y<1<x

Khi d6
_(X2+y2)\/X+Y+Xy>(x+y)2~/x+y+xy
o oxy(x+y+l) T 2xy(x+y+1)
S>1
DafltS=x+y;P=xyv‘|0<yélsx:{(;_l)(y_l)<0:>0<PSS—l
4 4
bat f(P)=L+P)2,tacé f'(P)=—&+P2<0, VP e(0;S-1].
4P?(S +1) 4P3(S+1)

Do d6 f(P) la ham s6 nghich bién trén (0;S —1]
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s*(2s-1)

= f(P)> f(S-1)= ) wPe(0;5-1]
4(32—1)
4 —
Xét g(S)zLS? Voi S >1.
4(32—1)
Tacod

(s-2)(s?+25-1)s®

2(32—1)3

g'(s)= =9'(S)=05=2 (vi S>1).

Bang bién thién

S 1 2 +00
9'(S) - 0 *

o) | T —
3

T bang bién thién suyra g(S)>g(2) =%, VS e (L +w).

Do dé ta c6 Tz\/f(P)z\/g(S)z\/g(Z)=%.

Vay MinT _2 , gia tri nho nhat dat dwoc khi x=y=1hay a=b=c.

V3
Bai 21. Cho x,y,z 1a cac sé thuc duong thoa man: x? + y2 + z2 =1. Tim gia tri 16n nhat cua
biéu thurc:

3.3, .3.3
Z

p_ xy2+ yzz_xy +3y3 .
1+ X 24X°2

147z
Nhan xét: Bai 21 khi ta thay gia thiét x? + y? + z2 =1 vao biéu thic P thi P 1a mot biéu thirc
dong bac.
Loi gidi

Tacod
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Y Yz _ Xy . yz
1+2% 1+%° (x2+22)+(y2+22) (x2+y2)+(x2+z
A Xy yz

+

1+ 2% 1+X2_2\/(x2+22)(y2+22) 2\/(x2+y2)(x2+z

2 2 2 2
Xy yz 1 X y 1 y z
= + <= - += +
1+22 1+x2 4(x2+z2 22+y2J 4{ 24y X2
2 2 2
. xy2+ yzzgg_1+ 2y s 2y . ALy oy
1+2° 1+x° 4 z°+4y° Xx°+y 4 2yz 2xy

y oyz 1.1 (y yj
1+72%2 1+x* 4 8 X

=

Ta lai ¢

3.3 .33 3
x3y3+y3z32%(xy+yz)3z>xy Yz z%(xywz) _g(y

x373 322 4
3
Vay P< +— [y yj (lJrlJ
4 8 X) 96z X

Dattzl+y:>t>0 (Vi X,y,2>0), khido P<1+1t—it
Z X 4 8 96
Xét ham so f(t)=1+1t—it3 trén (0;+).
4 8 96
L e 1, 1 , R
Taco f'(t)=——=t°+== f'(t)=0<t=2(vi t>0.)
32 8
Bang bién thién
t 0 2 +00
f'(t) + 0 -
S
1 / —©

T bang bién thién suyra f (t)< f(2)=%, Vte(0;+0) hay P < f(t)S%.
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Vay MaxP=%, gia tri 1on nhét dat duoc khi x=y =12 =

1
=

4 4
Bai 22. Cho x,y,z la céc sé thuc duong théa mén [ﬁj +[lj +Z2_X 15 Timgiatrilon
y z X

nhat cta biéu thic:

2 2
P= 22y2+ 222 2~ - :
X“+y° yc+z° 2X+1

Loi gidi

Tir gia thiét ta co

X x)' Yy x)' . xV 7z x X\ z
—+2=(—j +(1J +—22 (—j (lj +—=2(—j +—:>—+222[—j +—.
z y z X y z X z X z z X

X < , .
batt=—=1t>0 vi x,z>0. Do d6 ta co
Z

t+222t2+%<:> 23 —t* - 2t+1<0 <:>(t—1)(t+1)(2t—1)£0<:>%£tSl.

Taco
2 2 3
= > + > — X .
PR
y Z
Nhan xét: =Y =X vi 2<1X Y <1 Matknac x,y,2>0=2,Y >0
yz z 12 y z y z
Do dé6 ta co
1 1 2 2
2 2 = xy: X
X y 1+—= 1+—
DEAEREE
Viy P< 4X_ X3 _4 3
145 2% 1+t 2t+1
z 2

Xét ham sb f (1) =%— 2t3 - e El}
+ +

29



2
Taco f'(t)= —1o —4t+ 2 <0, Vte[l;l}.
(t+1)* (2t +1)° 2

Suyra f(t) la ham s6 nghich bién trén
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Phuong phap 3. Sir dung phwong phap tiép tuyén

Pé chig minh mot bai toan bat ding thirc bing cach sir dung phuong phép tiép tuyén
thi dinh 1y duoc trinh bay dudi day 1a co sd Iy thuyét quan trong gitp ta van dung
Pinh Iy: Cho ham s6 f (x) lién tuc va co dao ham cép 2 trén [a;b].
1) Néu f"(x)>0,vxe[a;b] va f"(x)=0 tai hiru han diém thudc doan [a;b], ta
ludn ¢ f(x)= f'(xo)(x—x)+ f (%), ¥X €[a;b].
2) Néu f"(x)<0,vxe[a;b] va f"(x)=0 tai hiru han diém thudc doan [a;b], ta
ludn c6 f(x)< f'(Xg)(x=%y)+ f(Xg), VX €[a;b].
Pang thiic xdy ra ¢ hai bat dang thirc trén khi x = x,.
Chiing minh
1) Xéthamsé g(x)=f (x)—f'(Xo)(x—%g)— f(Xy), Vxe[a;b], Xy €[a;b].
Taco g'(x)=f'(x)-f'(x), do f"(x)>0,vxe[a;b] va f"(x)=0 tai hitu han diém
thudc doan [a;b] nén f'(x) 1a ham dong bién trén [a;b]. Do d6 g'(x) doi dau tir Am sang
duong khi di qua X, .

Bang bién thién

2) Chtng minh tuong tu.
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Nhan xét: Hé thirc y = f'(Xy)(X—Xo)+ f (Xg) chinh 1a phuong trinh tiép tuyén ctia 6 thi
ham so f () tai diem X, .

Néu f (X) >0,Vxe [a;b] va f (X) =0 tai hitu han diém thudc doan [a;b], thi tiép
tuyén cua d6 thi ham s6 tai tiép diém bat ky c6 hoanh do thudc doan [a;b] lubn nim phia
dudi do thi ham sb.

Néu f (X) <0,Vxe [a;b] va f (X) =0 tai hitu han diém thudc doan [a;b], thi tiép
tuyén ctia d thi ham s6 tai tiép diém bat ky c6 hoanh d¢ thudc doan [a;b] Iudn ndm phia
trén do thi ham so.

Bai 23. Cho a, b, c la cac s thuc duwong théa man a+b + ¢ =1. Tim gié tri 1én nhat caa biéu thuc:

1 N 1 N 1
1+a%2 1+b% 1+c%

Nhan xét: Khi ta thay gia thiét a+b+c =1 vao biéu thirc P, khi d6 P ¢6 dang dong bac

P

o_ (a+b+c)2 . (a+b+c)2 . (a+b+c)2
(a+b+c)2+a2 (a+b+c)2+b2 (a+b+c)2+cz.
Loi gidi

Viabc>0vaa+b+c=1=1a,b, ce(01).

Xétham s6 f(x)= T trén (0;1), khi d6 tiép tuyén cua do thi ham sb tai tiép diem 6
+ X

hoanh d9 bang i y=—2—7x+2—7.
3 50 25

Ta co:

1 ( 27 27}_27x3—54x2+27x—4_(3x—4)(3x—1)2

50" 25)" 50(x2+1)  50(x?+1) <0 vxe(®

x2+1

1 <—£x+£, Vxe(0;1).
25

Vi a, b, ce(0;1) do do taco
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1 27 27
<-Zlp+Zil
b2+1~ 50 25
1 27 27
<——C+—.
241~ 50 25

Cong theo vé cac bat dang thire trén ta duoc

1 1 1 27 81 1 1 1 27
st ——mt—F<—(a+b+c)+ == sttt <.
1+a® 1+b° 1+c 25 1+a“® 1+b° 1+c° 10

Ping thirc xay rakhi a=b=c =%.

Viy bt dang thirc ¢4 duoc chimg minh.

Nhan xét: TUr 1oi giai trén mot cau hoi dat ra 12 tai sao lai viét phuong trinh tiép tuyén cua
41

3t? -4t +11

khac. Tra 10i dugc cau hoi trén thi viéc sir dung phuong phép tiép tuyén dé chimg minh bat

ham sb f (t)= tai tiép diém c6 hoanh do bang 1 ma khong viét tai tiép diém

dang thirc trd nén don gian.
Bai 24. Cho ba s6 thuc duong a,b,c thoa min a+b+c =1. Ching minh ring:
1 1 1 27
+ + <—.
l-ab 1-bc 1-ca 8
Nhan xét: Tuong tu nhu bai 23 bat dang thirc can ching minh 13 bat dang thirc dong bac,

tuy nhién nhin bai toan ta kho c6 thé thdy dugc viéc sir dung phuong phap tiép tuyén, do dé

2
. . o a+b
de giai dugc bai toan trudce hét ta phai sir dung bat dang thirc co ban ab < u
Loi gidi
Taco
2 2
abg(aer)::(l—c):> 1 .4
4 4 1-ab ~ 3+2c—c?
Do d6
1 1 1 1 1 1
<

+ + < 5+ 5+ 5 -
l1-ab 1-bc 1-ca 3+2a-a° 3+2b-b® 3+2c-c
Do d6 dé ching minh bét dang thirc d4 cho ta can chimg minh rang :
1 1 1

5+ 5+ 2sgzvéia,b,c>0vaa+b+c=1.
3+2a-a° 3+2b-b° 3+2c-c
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Xét ham sb f (X) = 5 trén khoang (0;1), phuong trinh tiép tuyén ctia d6 thi ham sé

3+2X—X
tai diém c6 hoanh do bang i y= 27,8
3 256 256
2
— 3x—-1)"(13-3x
Xét f(x)—( 27x+ 81)2 ! 2+27 X — 81:( ) ( )SO V6i  moi
256  256) 3+2x—x2 256 256 256(3+2X_X2)
x €(0;1), do do f(x)§—£x+ﬂ véimoi x €(0;1).
256 256
Tir do ta co
! >+ ! 5+ ! 2§—27 (a+b+c)+3.£:£.
3+2a-a“ 3+2b-b° 3+2c-c 256 256 32
Diang thirc xay ra khi a=b=c=%.
Viy bt dang thtrc d4 cho da dugc chimg minh.
Nhan xét: D6i v6i bai toan ¢ trén ta viét tiép tuyén ctia ham s f (x)= 3 21 > tai diém
+2X—X

1. , , Lol \ i At 1
c6 hoanh d¢ bang 3 vi ta doan trudc duge dau bang xay ra cua baitoan la a=b=c= 3

Bai 25. Cho a,b,c la céc sb thuc duong thoa man a+b + ¢ = 3. Chirng minh rang:

a®+p° b +¢3 3 +al 3
2 7t o2 7t o2 it
3a° —4ab+11b° 3b“—-4bc+11c® 3c“—4ca+1la” S
Loi gidgi
Taco
a3
— 1
ad+b3 ! (b) i

322 —dab+11b? 2 '
a T 3("") 42411

Do d6 vé trai cta bat dang thirc duoc bién d6i thanh

3 3
(a) +1 (b) +1
VT =b b +o——C

' a 2 a b 2 b ' c 2 c '
3() —4%411 3() —4=+11 3() —4-+11
b c c a
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3

t°+1 . ,
>0. Xétham s6 f(t)=————— trén (0;+o0), khi d6 tiép tuyén
()= 3t2 —4t+11 (0r4=0) P

ctia @6 thi ham s6 tai tiép diém c6 hoanh do bang 1 14 y = %t —5—3;)

Vi a,b,c>0:>3,9
b c

mlo

Ta co:

3 Y
t°+1 _(Et_i)_(t 1) (11t+81)20,Vt>0.

3t2—4t+11 (50 50 _50(3t2—4t+11)

Do d6

3
t+l E—i , Vi>0.

3t2 _4t+11 50 50

Vi %>O suy ra

3 3
3 )
—| +1 — | +1
(b >E§_i:>b b 213a583b

5 > 0b 50 : 5 (vi b>0).
S(a) 4241 3(6‘) 4%
b b b b
Tuong tu ta co
Bk
C 213b—3c
2 50
( ) —4 +11
c
( J 13c—3a
a. T
[ j —4 +11
Cong theo Vé cac bat dang thire trén ta duoc
3 3 3
(a) +1 (b) +1 (C) +1
b C a 3
b +C. +a (a+b+c) c

. a 2 a b 2 b . c 2 c -
3[) —42411 3() —4= 411 3() —4- 411
b b c c a

hay
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a®+p° b +¢3 cd+al
2 7t o2 7t o2 2
3a“ —4ab+11b° 3b“—-4bc+11c® 3c“-4ca+1la
Pang thirc xay ra khi a=b=c=1.

>3
5

Vay bat dang thirc dd dugc ching minh.
Bai 26. Cho x,y,z la cac sb thuc duong thoa man x + y +z =9. Ching minh rang:
3 3 3 3 3 3
x+y+y+z+z+xZ
Xy+9 yz+9 2x+9

Loi gidi

Bién d6i vé trai ciia bat dang thirc ta thu duogc

VT =x3 1+1 +y3 1+1 + 28 1+1 )
Xy+9 zx+9 Xy+9 yz+9 yz+9 zx+9

Ap dung bat dang thirc Cauchy — Schwars ta co:

3[ 1 1 j 3 4 4x3 4x3 4x3
X + >

Xy+9 zx+9) 'xy+zx+18=x(y+z)+18=x(9—x)+18:9x—x2+18'

Tuong tu ta co

3[ 1 1 j 4y3
y + > 5
Xy+9 yz+9) 9y-y-+18

s 1 1 473
VA + > .
yz+9 2x+9) 97-72+18
Cong theo Vé ba bat dang thirc trén ta duoc
3 3 3
VT > 4X2 + 4y2 + 422 .

O9X—x"+18 9y-y“+18 9z-2z°+18

Vi x,y,z>0vax+y+z=9=x, Yy, 2€(0;9).
3

Xétham s6 f(t) = trén khoang (0;9), phuong trinh tiép tuyén cta d thi ham s6

ot—t%+18
tai diém c6 hoanh d6 bang 3 1a y = 1741t —%
Ta co:
3 3_120t2 - 3(9t +14)(t —3)
4t2 _(gt_éjzzn 1220t 9t +378 _3( +2 )( )20,Vte(0;9)
ot-t>+18 \ 4 4 —4(t —9t—18) —4(t —9t—18)

3
:>4+th—£ﬁte(0;9).
ot—-t+18 4 4
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Vi X, y, 2e(0;9) do do ta c6

4x3 11 21
> "yx_—=

Ox-x>+18 4 4
4y3 11 21
oo 212’
gy-y“+18 4~ 4
473 1. 21
—>7-—.
o 9z-z°+18 4 4
Cong theo vé ba bat dang thire trén ta thu duoc

4x3 4y3 473 11 63
> + > + > >=(Xx+y+z)——
9x—x“+18 9y-y-+18 9z-z°+18 4 4

3 3 3
=>VT > 4X2 + 4y2 + 422
O9x—-x“+18 9y-y°+18 9z-z°+18

>9.

3 3 3,53 3,3
X"+ +Z 2" +X
Ha Y J + 2

Xy+9  yz+9  zx+9

Piang thirc xay ra khi x=y=1z=3.

Vay bat dang thirc dd dugc ching minh.
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Phuong phap 4. Sir dung phuwong phap dao ham theo tirng bién

Tim cuc tri ctia biéu thirc P ¢6 chira ba bién X, y,z trén K, ta thuc hién theo cac budc

Buéc 1: Xem P(X,y,z) 1a mot ham s6 theo bién X con y,z 1a hing s6. Khao

sat ham nay trén K, ta dugc P(X,y,2) 2 g(y,z) (hodc P(x,y,z)<g(y.z) ).

Budc 2: Xem g(y,z) la mot ham s6 theo bién y con z 1a hang s6. Khao sat

ham g(y,z) trén K, ta dugc g(y,z)2h(z) (hodc g(y,z)<h(z)).

Buéc 3: Khao satham h(z) trén K, ta tim duoc cyc tri ciia ham sb h(z), chiy
P(x,y,2)29(y,z)2h(z) (hodc P(x,y,z)<g(y,z)<h(z)) khi d6 ta s& tim duoc

cuc tri cua P.

Bai 27. Cho ba s6 thuc X,y,z €[1;3]. Tim gia tri nho nhat cua bicu thic:

P:@_FQ_FL
yZ Xz Xy
Lo gidi
Xét ham sb f(x)_%—x ﬂJr—XE[l;S],y,z la tham so.
yz X Xy
Taco
2 02 2 Py
f,(X)ZE_Zg_ ; :36x 22y z 236 22.9 9>O.
yZ  2x°  x°y X°yz X°yz

Suyra f(x)dong bién trén [1;3]nén

f(x) > f(1)—?/—6 22y+— vxe[L3].

y

bat g(y)=§+ﬂ+5,ye[1;3], z la tham sb.
ye 7.y

2
Ta co g(y)__£+g___—36+2y -z (Z36429°1 suy ra g(y)nghich bién

Z
y’z 7y y’z y’z

trén [1;3]
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12 6 z 18 z
20 29@) =—+_+ ="+ vy e[L3].

Xet ham s6 h(z) =20+ 2 7 e[1:3], ta co h'(z)=—%+lg_g+1<0_
z 3 zc 3 9 3

= h(z) nghich bién trén [1;3] = h(z) > h(3) =%+1= 7.

Vay P>7 véimoi x,y,z€[13].

x=1

Do d6 MinP =7, gia trj nho nhét dat duoc khi{ 3
y =7 =

Bai 28. Cho a, b, ¢ 1a cic s6 thuc thuoc doan [1;2] thoa man diéu kién 4a+2b+c=11.

Tim gia tri nho nhat caa biéu thuc

Loi gidi
11-2b-c

Tur gia thiét 4a+2b+c=11taco a= 1

Khi d6 P tro thanh P =L+E+

3
11-2b-c c

Xét ham sb f(b)=L+g+§ trén [1,2].
11-2b-¢c b ¢
Tacd
8 2 2(4b+c-11)(11-c)

(11-2b-c)> b%  (11-2b-c)b?

<0, Vb,CE[l;Z].

f(b)=

Do d6 f (b) Ia ham s6 nghich bién trén [1;2]

:f(@zf(@=7éz+§+LVbe@2]

4

Xét ham sb g(c)=7—c+§+1 trén [1,2], tacé

3 4 ¢’ +42c-147
¢® (c-7Y  (c-7)c?

<0,vce[L2].
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Do d6 g(c) laham s6 nghich bién trén [1;2]
33
=g(c)> g(2)=E, veelL2].
Do d6 P 2%, va,b,ce[1;2].

. o . la==
Vay MinP =§, gia tri nho nhat dat duoc khi 4
10
b=c=2
Bai 29. Cho x,Y,z la cac sb thyc thuoc doan [1;3]. Tim gid tri nho nhét cua bicu thc:

B 25(y+z)2
12x% +2012(xy + yz + 2X) '

Loi gidi

Xétham sb f (x)= 25(y +2)
12x% +2012(xy + yz + 2x)

trén [1,3].

Taco

25 (y+2)*(6x+503y +5032)

f'(x)=

<0 Vi x,y,ze[13].
4 (,.2 2
(3x +503xy+503yz+503xz)

Do d6 f(x) laham sé nghich bién trén [1;3]

2
S f(x)2f(3)=2 ly+2) vxe[L3].
4 27 +1509y +1509z +503yz

ta co:

Dit g(y)=§ (y+ Z)Z
‘ 4 27+1509y +1509z +503yz '

) 25(y+z)(54+1509y+503yz+15092—50322)
g'(y)="-
4 (27+1509y +15097 +503yz )

D& thdy 54+1509y +503yz +1509z —503z2 = 54 +1509y +503yz +503z(3-2) >0, Vy,z€[L3]

25 (y+2)(54+1500y + 503yz + 15097 - 5032°
4 (27 +1509y +1509z + 503yz )°

=9'(y) >0, vy, ze[L3].
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Do d6 g(y) laham sé dong bién trén [1;3]

25 (1+z)2
>20(l)=————7"—,V 13].
=9(9)290)= {5 3pa 7503, 7Y <113
2
bit h(z)=§ﬂ, h (z)=§(1+z)(256+50232) >0, vze[L3].
16 384 + 503z 16 (384+5032)
Do d6 h(z) la ham s6 dong bién trén [1;3] = h(z) > h(l)=%, ,Vze[L3].
25(y+z)2 25 25
Vay P=—s3 > , VX, y,z2€[1;3] hay MinP=——— gia tri nho
12x° +2012(xy + yz+12zx) 3458 3548

nhat dat dugc khi x=3; y=z=1.
Bai 30. Chang minh rang néu a,b,c 1a do dai cac canh cuia mot tam gic thi
a b c_3 1[a C bJ
R il L
b c a 2 2\c b a
Loi gidi

Khéng mat tinh tong quat ta gid sir ¢ =min{a,b,c} = 0<c<+ab va a<b+c<2b.

Xét ham sb f(c)=2(9+£J—E—E+ZE—E—3 trén Khoang (0;v/ab |.
c a/ ¢ b b a
Ta ¢o f'(c):—i—g+§+c%—%=(a—2b)(c—12—$j£0, VCG(O;@] va f'(c)=0<:>c=«/%

do d6 ham s6 f (c) nghich bién trén khodng (O;«/%]
a—b)2
ab

a

:>f(c)Zmax{f(a),f(b)}=5+2—2=( >0

O<c<a<+/ab

Vi c=min{a,b,c{ va .
( { } |:0<CSbe/£

Vay f(c)=0, VCE(O;\/%} hay %+%+§2%+%[%+%+gj.

Ding thirc xay ra khi tam giac 1a tam giac déu.
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Phuong phép 5. Sir dung ham sé dic trung

Bai 31. Cho a, b, ¢ la cac s6 thyc dwong. Tim gid tri 16n nhat cua biéu thic :

ab++/a’ + 4a%h? bc+\/b4+4b2 2

a® +3p? b? 4+ 3c?

Loi gidi

P=

Vi a, b, ¢ 1a cac sb thuc duong do d6 ta co

1 4 — 1 4
o ab+\/a +4a%b? bc+\/b4+4bzc2 +V " +\/ "
2
a% +3b 2 4 3c? (j 1+3( )
a b

bat x_E y=%,v‘ a, b, ¢ 1a cac s6 thyc duong = X, y > 0. Khi d6
a
P_x+\/1+4x2+y+«/1+4y 1 1

1+3x° 1+3y° V1+4x% —x 1+4y2—y.

Xétham s f (t) =1+ 4t —t trén (0;+o0).

4t 1
Taco f'(t)= 1= f'(t)=0=t=—+ (Vi t>0).
© V1+ 4t © 2.3
Bang bién thién
1
t 0 — +
23 >
f/(t) - 0 +
1 +00
f(t)
3
2
Tur bang bién thién suyra f (t)> ? vt>0
1 1 1 1 1 1 4
—P= + = + <—+—=—7,V%y>0
Vitax® —x JJ1ray?—y T(x) f(y) V3 V3 3
2 2
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. a=2v3b
4 gi tri 16n nhét dat duoc khi{ V3

V3 b=23c

Bai 32. Chting minh ring véi moi sb thuc duong a,b,c théaman a? +b? +¢? =1, ta co:

Vay Max P =

a®-2a%+a b°-20%+b c5—2c3+c<2\/§
b? 4 c? c® +a’ a’+b> 3

Loi gidi
Tir gia thiét ta c6 a,b,c >0 va a? +b? +c? =1 nén a,b,c e (0;1).

Taco

a®-2a+a a(az —1)2

> 5 --a’+a.
b +c 1-a

Do d6 bat dang thirc duoc bién doi thanh
3 3 3 243
- —b*+b)+(— <—.
(~a®+a)+(-b+b)+(-c*+c) :
Xét ham sb f(x)=—x3+x trén (0;1).
Taco f'(x)=—3x2+1:> f'(x):0<:>x=% (Vi xe(0;1)).

Bang bién thién

0

Tur bang bién thién suyra f(x)< f[—jz—, vxe(0;1).

Viab,ce(0;1)= f(a)+f(b)+f(c)<

Do d6



a®-2a%+a b°-20%+b c5—2c3+c<2\/§
b? 4 c? c® +a’ a’+b> 3

. 1
Pang thuc xdyra < a=b=c=—.
V3

Bai 33. Cho X, Y,z lacéc s6 thuc duong thoa man xyz =1. Tim gia tri nho nhat ctia biéu thc:

Xg-i-y9 y9+29 + Zg-i-X9
X6 + X3y3 + y6 y6 + y323 + Z6 Z6 + 23X3 + X6

P=

Loi gidi
X,y,z2>0 a,b,c>0 ) .
y.z> :>{ > . Khi d6 P tré thanh

Pit a=x3b= y z=cvi
abc =1

xyz =1

ad+b° N b3 +¢2 N d+ad
aZ+rab+b? bZ+bc+c® c?+ca+a’

a’ —ab+b? b? —bc +c? ¢’ —ca+a’
+(b+c) 55— +(c+a) 55—

—(a+b)E =BT
( )a2+ab+b2 b? +bc +c? c®+ca+a’
2 2 2
(s g 2
(a+b)2—+(b+c)cz—c+(c+a)a2—a (vi a,b,c>0).
a a b b c c
—| +—+1 —| +—+1 —| +—+1
b b c c a a
a2 t2—t+1
Xéthamso f(t)= 5 trén (0;+).
t"+t+1
C s , . -t+1_1
Khi d6 véi t >0 ta chiung minh dugc 2 >— that vay
t?+t+1 3’

2 2
t2 tJr121<:>3(t2—t+1)2t2+t+1 (vi t2+t+1=[t+lj +§>0, vt >0)
t“+t+1 3 2 4

2(t— 1)2 >0 (luén dung).

Vi a,b,c>0:>3,EE 0, do do ta co f(gjzl ( J>1 va f( J>1
bca b) 3 c) 3 a) 3

L1

3

:Pz%(a+b) ;(b+c) (c+a)= z(a+b+c) (vi a,b,c>0)
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=P z%.s%/ab =2.

Vay MinP =2, gi4 tri nh6 nhat dat dugc khi a=b=c=1< x=y=2z=1.
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Phuong phap 6. Chuén hoa bat diang thirc

Dé hiéu dugc cach chuan hoa bat dang thirc ta can chli y dén dinh ly sau:

Néu f(a,b,c) la mgt ham thuan nhdt bdc k. Khi do véi teR,t>0 bdt ky ta co
f (a,b,c) >0 twong duong voi f (ta,tb,tc) >0..
Chirng minh.
Vi f(a,b,c) lamot ham thuan nhat bac k nén:

f(ab,c)=t“f (a,b,c)
DodovsiteR,t>0tacod
f(ta,th,tc) >0 < t*f (a,b,c)>0< f(a,b,c)>0.

Nhan xét: Tir ménh dé trén, dé ching minh bét dang thirc thuan nhat f (a,b,c)>0 ta chi
can ching minh bat dang thuc f (ta,th,tc)>0 véi ta,th,tc thoa man mét diéu kién dac biet

va t >0 nao d6, do d6 viéc chon duoc s t > 0 thich hop sé& bién doi bai toan bat dang thuc
dang can chirng minh tré thanh mot bai toan mai don gian hon, gitp ta giam bét dugc Vat va
trong viéc bién do6i céc biéu thuc. Viéc 1am nhu trén duoc goi 1a chuan hoa bat dang thirc

thuan nhit.

Bai 34. Cho a, b, ¢ > 0. Tim gia tri 1on nhét cua biéu thirc:

_a(b+c) N b(c+a) N c(a+hb)
C(b+c)®+a®  (c+a)+Db?  (a+b)P+c

5 (Olimpic 30-4-2006).

Gia sir gia tri 16n nhat cia biéu thie Ptim dugc 12 A, do do:

010 Mot D)y s

(b+c)"+a®  (c+a)+Db”  (a+bh)"+c
a(b+c) N b(c +a) N c(a+b)

(b+c)’+a®  (c+a)*+b*  (a+b)?+c®

pat f(a,b,c)= khido f(ahb,c)<Ala

mot bat dang thirc thudn nhat do d6 ton tai t > 0 sao cho f(ta,th,tc)< A thi f(a,b,c)<A.

. 1
Vé6i a, b, c>0 chonso t >0 théamén ta+tbh+tc=1 (khido t=——>0).
a+b+c
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bit a =ta, b =tbh, ¢, =tc. Khi d6 bai toan bat dang thirc trén trg thanh:
Cho aj, by, ¢, >0 théa man a, + by +¢; =1. Tim gia tri 16n nhat ciia biéu thirc:

a (b +¢) + b(c +a) + c(ay +by)

(b +c)’+a’ (e +a)?+ b2 (a+Db)2+c?

Do d6 dé khong nham 14n trong cach hiéu va tranh 1am phirc tap trong viéc trinh bay 10i giai
cua bai toan ta c6 thé dung bd so (a,b,c) thay cho b¢ s (ay, by, ¢,).
Lot gidi
Chuan héa a+ b+ c=L1.
Ta co:

a(l-a) b(1-b) c(l-c)
P= > + > + 5
1-2a+2a 1-2b+2b 1-2c+2c

Str dung BBT AM-MG ta c0:

2a(1—a)s(2a+21_aj2: (azl)2

2
—1-2a+2a’ :1—23(1_a)21_(azl) _ (1—a)£a+3) .

a(l-a) _ 4a(l-a) 4a =4[1_ 3 j

1—2a+2a2_(1—a)(a+3)=a+3 a+3)

1-b 1-
Tuong tu ta co: b(—)2£4(1— 3 ) va c(1-c) 5 S4(1—ij.
1-2b+2b b+3 1-2c+2c c+3

Do d6:

peal1-—3 |raf1-3 Jraf1- 3 |- Lo 1)
a+3 b+3 c+3 a+3 b+3 c¢c+3

Ta lai co:

1 1 1 9 9
+ + > =—,
a+3 b+3 c¢c+3 a+b+c+9 10
Vay
P£12—12.£=§.
10 5

47



Suy ra: max P =g, gia tri 16n nhét dat duoc khi a=b=c.
Bai 35. Cho a, b, ¢ >0. Chirng minh

7(ab+bc+ca)  gahc <9

a+b+c2 a+b+c3
( )

Loi gidi
Chuan héa a+b+c=1.
Khi d6 bat dang thirc can ching minh tré thanh:
7(ab+bc+ca)—9abc <2

< 7a(l-a)+bc(7-9a) <2 (1).

Giaset O0<a<b<c. Via+ b+c=1:>0<a£%:>7—9a>0.

Taco
2 2
be < (b+c) _ (1-a)
4 4
Suyra
(1-a)°
7a(l-a)+bc(7-9a)<7a(l-a)+ (7-9a)

4

< 7a(l-a)+bc(7-9a)< (—9a3—3a2 +5a+7) véi ae[o;ﬂ.

N

Do d6 dé ching minh (1) diing ta can chirng minh
1(—9a3 —3a%+5a+ 7) <2 Vébiae (Ol}
4 3

That vay

%(—Qae‘—Sa2 +5a+7)s 2 <=9a%+3a%-5a+1>0

& (a+1)(3a—-1)° 20 (ludn ding véi a e (o;ﬂ ).

Vay bai toan da dugc chirng minh.
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Bai 36. Cho a, b, ¢ > 0. Chimg minh rang:

2 2 2
2a  2b 2 23+(a_b) +(b-c)”+(c-a) 0.
b+c c+a a+b (a+b+c)2

Loi gidi

Ap dung BDT Cauchy-Schwars ta co:

2a 20 2c _(a+b+c)
+ + > )
b+c c+a a+b ab+bc+ca

Do d6 dé ching minh BPT (1) diing ta can chimg minh BDT sau dang:

(atb+e) . (a=b)’+(b—c)+(c-a)’ @
ab+bc +ca (a+b+c)2

Chuin héa a+b+c=1.

Khi @6 BPT (2) tré thanh:
1 2 2 2
- > — — —
ab+bc+ca_3+(a b)*+(b-c) +(c-a)

1

< ————>5-6(ab+bc+ca)
ab+bc+ca

& 6(ab+hc+ca)’ —5(ab+bc+ca)+1>0 (vi a, b, c>0=>ab+bc+ca>0).
< [3(ab+bc+ca)-1][2(ab+bc+ca)-1]>0

2
a+b+c
Lu6n dung vi ab+bc+ca§%=%.

B&i 37. Cho a, b, ¢ > 0. Chting minh rang:

1 1 1 1 7(1 11 1 jz
ettt >— | S+t :
a b c

a? b2 2 (a+b+c)2_25 a+b+c
Loi gidi
Chuan héa a+b+c=1.
Khi d6 BPT can ching minh tré thanh:
2
iz+i2+i2+12l[l+£+l+lj (1)
a“~ b ¢ 25\a b ¢
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Tacod

(1+1+1f
>+ 14~%+1 Jl_ﬁ_&_+1
a~ b

(1 1 1)2
Stpts 1
labc 1.1 N

1 1 i
c? 3 a2 b? ¢

\

Pé chirg minh (1) dung ta chi can chimg minh

(1+1+1f 2
u+121(1+l+1+]} (2)
3 25la b ¢

Tacod

o))
O
(@]
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Phuong phap 7. Phwong phap don bién

Gid sir bat dang thic can chang minh c6 dang f (x,y,z) > 0. Khi dé dé ching minh
bat dang thuc hién cach budc:
2, 2

Buéc 1. Ching minh f (x,y,z)2 f(t,t,z),trongdét=XJ2ry;t=\/X_y;t= X ;y

Buéc 2. Ching minh f (t,t,2)>0.

Két luan: f(x,y,2)=0.

Bai38.Cho a, b, ce E;S} Chirng minh rﬁng:

a + b + ¢ 21 (1)
a+b b+c c+a 5

Loi gidi

Pat f(a,b,c)=aab+bbc+cca.
+ + +

Vi vai tro nhu nhau khong lam mat tinh téng quat, gia sur a = max{a, b, C}.

. a b Jab a 2+/b
Taco f(a,b,vab)= = )
( ) a+b+b+\/ab+\/ab+a a+b+\/a+\/b

Xét f(ab,c)-f (a,b,\/%), ta co

o o2 _ (AR
f(a’b’c)_f(a’b’\/ﬁ)zb+c+c+a_ a+x/B=(b+c)(c+a)(\5+\/5)_0

Ta can chung minh f (a,b,\/%) 2% Vol a,be [%;3}. Xét

+ =
a+b Ja+vb 5

a
a b 7 _p 2 7
E‘i‘l E‘i‘l 5
b b

Dat x=\/§:> XE[1;3] (vi a, beE;S}), do do
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7_(3—x)(2x2—2x+1)> _
5 5(x2+1)(x+1) =0, Ve [L3]

a b 7_x* 2
a+b Ja+vb 5 x2+1 x+1

hay f(a,b,\/%)zg Véi a, beE;S}.

Vay bat dang thirc (1) d4 dugce chimg minh.
Bai 39. Cho a, b, ¢ >0 thoa man didu kién abc =1. Chirng minh rang:
1 11 13 25
—>
a b c a+b+c+l 4
Loi gidi
11 13

bat f(a,b,c)=1+—+—+—.
a b ¢ a+b+c+1

, 1 2 13
Taco f(a,\/E,\/E)=g+\/E+a+2\/E+l.

Xét f(a,b,c)-f (a,\/R,\/E), ta co

1 11 13 1 2 13
f a1b7C —f a, bC, bc|l="¢+="4+—4—— | =4 +
( ) ( rr) a' b c atbrcil (a Jhe a+2\/E+1J

21 1 13
:(\/B_\/E) [E(a+b+c+1)(a+2\/g+l)}.

V6i vai trd nhu nhau khong 1am mat tinh tong quat, gia str a = max{a,b,c}.

bc<1
Viabc=1=+<1 o1 Str dung BBT AM-GM ta cé
bc
13 < 13 _13

(a+b+c+1)(a+2\/E+1) B (3%+1)(3%+1) E<1
Do d6 f(ab,c)- f(a,bc,vbc)>o.

Ta can chung minh f (a,\/E,\/E) Z%.
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bat t:\/E,te(O;l]:a:bi:iz, ta chirng minh
C t

+—— > at?1 Ly

2 13 25 2 13 25
3,42 -
t 1.5 4 t 2t°+t°+1 4

(t-1)* (8t* + 206> ~18t* - 9t + 8

4t(2t3+t2 +1) =0

-

(t-1) [Z(th —1)2 +5t(2t-1) + 2(5t* - 7t +3)}

>0 (ludén dung véi t €(0;1}).
at(2t> +12+1) (03]

hay f(a,\/R,\/R)z%S suy ra f(a,b,c)22745.

Vay bat dang thirc (1) d4 dugce chimg minh.
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